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We study the time evolution of the entanglement entropy in the short and long-range coupled
harmonic oscillators that have well-defined continuum limit field theories. We first introduce a
method to calculate the entanglement evolution in generic coupled harmonic oscillators after quan-
tum quench. Then we study the entanglement evolution after quantum quench in harmonic systems
that the couplings decay effectively as 1/rd+α with the distance r. After quenching the mass from
non-zero value to zero we calculate numerically the time evolution of von Neumann and Re´nyi en-
tropies. We show that for 1 < α < 2 we have a linear growth of entanglement and then saturation
independent of the initial state. For 0 < α < 1 depending on the initial state we can have logarith-
mic growth or just fluctuation of entanglement. We also calculate the mutual information dynamics
of two separated individual harmonic oscillators. Our findings suggest that in our system there is
no particular connection between having a linear growth of entanglement after quantum quench and
having a maximum group velocity or generalized Lieb-Robinson bound.
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I. INTRODUCTION
There has been considerable interest in the entangle-
ment properties of quantum many body systems from dif-
ferent point of views i.e. quantum field theory [1], quan-
tum phase transition [2] and quantum information theory
[3]. Among the various measures of quantifying quantum
entanglement entropy, the von Neumann and Re´nyi en-
tropies, have been studied in many different locally cou-
pled systems [4–9]. At the quantum critical point, con-
formal field theory (CFT) predicts that the entanglement
entropy in one spatial dimension scales logarithmically
with respect to the size of the subsystem l. If the total
system is infinitely long, Sl =
c
3 log l where c is the cen-
tral charge of the CFT [1]. Away from the critical point,
the entropy for blocks larger than the spatial correlation
length ξ ∼ m−1 saturates to a value Sl = − c3 logm where
m is the energy gap of the system [6]. For general free
quantum field theories in the case of higher dimensions, it
has been shown that the von Neumann entropy satisfies
the area law. Based on the area law the entanglement
entropy is proportional to the interface area between the
subsystem and its complement [10, 11].
Although many studies have dealt with the short-range
systems and numerous results have been discovered in the
last few years, a less investigated situation is how (one
measure of) quantum entanglement scales with the sub-
system size when the couplings in the model are long-
range. The entanglement entropy of one dimensional
models with long-range couplings have been studied so
far in the following examples: the Lipkin-Meshkov-Glick
(LMG) model which in that all spins interact among
themselves [14, 15], the long-range Ising type model [16],
the anti-ferromagnetic long-range Ising chain [17] and
free fermions with long-range unshielded Coulomb inter-
action [18]. One of the most important features of the
long-range systems is the presence of a power-law like
2dispersion relation, i.e. ω2(k) ∼ |k|α with 0 < α < 2
[19]. The same is true for those harmonic oscillators that
have 1/|r|d+α like couplings. It is widely believed that
it should be true also for spin systems with long-range
interactions [20, 21].
In the sense of universality, quantum phase transition
in spin systems with long-range interaction is generally
described, via thermal phase transitions in an equivalent
classical (d+ 1)-dimensional spin model with long-range
interaction in d-spatial dimensions and short-range inter-
action in the (d + 1)-th dimension. In the specific case
where a long-range couplings falling off as 1/|r|d+α, if
α ≥ 2 the corresponding classical (d + 1)-dimensional
spin model describes the short-range quantum models.
It is important to note that based on the results were
given in Ref. [20], the upper critical dimension for such
systems is given by du = 3α/2. For example, the quan-
tum transitions of one-dimensional quantum transverse
Ising model with long-range interaction with values of
α ≤ 2/3 are described by long-range mean-field theory
[20]. Therefore, the scaling limit of such systems with
long-range couplings “particularly in some regions” can
be described by free fractional field theories. Recently, in
Refs. [22] and [23], we studied the entanglement entropy
of a block of long-range coupled harmonic oscillators. A
crucial point is that we showed the entanglement of the
gapless 1d system is logarithmically dependent on the
subsystem size and we measured the prefactor of the log-
arithm in different situations. In higher dimensions we
show the von Neumann entropy of a partition scales with
the surface area.
In principle our formalism is based on the first quanti-
zation of the free fractional field theories. This method is
first discussed by Bombelli, et.al [24] which they compute
the entanglement entropy of free field theory by using the
discrete version of the field theory which is simply cou-
pled harmonic oscillators making it easy to numerically
evaluate. It is worth mentioning that [26] and [27], stud-
ied a certain class of non-local field theories whose ground
state entanglement entropy follows a volume law.
The past few years have witnessed a renewed inter-
est in the the experimental methods that have been pro-
posed in the study of isolated quantum systems i.e. opti-
cally trapped ultra-cold atomic gases, which they rely on
probing the non-equilibrium properties of the system [28].
From a theoretical point of view, the non-equilibrium dy-
namics after a sudden change (quench) of a parameter in
the hamiltonian of the quantum system is one of the most
remarkable aspects of these studies. For example, con-
sider a quantum system with hamiltonian H(m) depend-
ing on a parameter m. The system is prepared in a pure
state (eigenstate) of a given hamiltonian H(m0). Then,
at time t = 0 the parameter is suddenly quenched from
m0 to m. After the quench, there is an extensive excess
in energy which appear as quasiparticles that propagate
in time [29].
The qualitative, and quantitative, features found for
the non-equilibrium dynamics of quantum systems may
be understood by the time evolution of the entanglement
entropy. In this investigation one asks how the entan-
glement evolves in time after the quantum quench. The
most remarkable results that emerged from theoretical in-
vestigations is that; if the hamiltonian H governing the
time evolution is at a critical point, the entanglement
entropy SA(t) grows linearly with time t, up to t ∼ l/2
where l is the subsystem size. Thereafter it immediately
saturates [29]. The same linear behavior for the growth
of entanglement entropy, has been also shown for a free
quantum field theory in d+ 1-dimensions [30, 31].
As it is well known, a lot of numerical and theoretical
works have been done seeking to understand the mecha-
nism of the time evolution of the quantum entanglement
in quantum systems [32–39, 46]. Recent theoretical works
have investigated the existence of quasiparticles or long-
wavelength propagating modes such as acoustic sound
following a quantum quench [29, 40]. In real physical sys-
tems, with local interaction, one might expect that, there
is an upper limit on the velocity of propagating informa-
tion (such as energy quasiparticles). This limit is a con-
sequence of the Lieb-Robinson (LR) bounds [41]. Based
on the LR theorem, the propagation of perturbations,
cannot spread faster than Lieb-Robinson velocity. The
existence of such bound corresponds with a horizon like
region defined by this velocity, which inside of it the cor-
relations are non-zero and outside they are exponentially
suppressed [42]. This effect in non-relativistic quantum
many-body systems is usually called quasi-locality which
plays the same role as the velocity of light in the Lorentz
invariant field theories. Lieb-Robinson bounds can be
used to show that there exists an upper bound for the
amount of entanglement that can be produced in a fi-
nite time after quench which increases linearly in time
[40, 43].
An important question to ask about entanglement dy-
namics is what kind of scaling with time can one ex-
pect for the entanglement entropy of quantum systems
with long-range couplings? The first numerical studies of
entanglement dynamics generated by long-range interac-
tions appeared in Refs. [44]. It is worth mentioning that
there are some considerable experimental results avail-
able about the propagation of the correlations through
the quantum many-body system with long-range inter-
actions [45, 46]. Specifically, in Ref. [44] they explored
entanglement entropy and mutual information dynam-
ics after a quantum quench in the transverse field Ising
model with long-range interactions, which can be de-
scribed by the hamiltonianH =
∑
i<j Ji,j σˆ
x
i σˆ
x
j +B
∑
i σˆ
z
i
and the couplings decay with distance like Ji,j ∝ |i−j|−σ
(σ > 0). Interestingly, for those long-range interactions
with σ > 1, they found that the behavior of the time
evolution of entanglement entropy is qualitatively similar
to nearest-neighbor interactions. Remarkably, they also
found that, for interaction exponent σ < 1, the growth
of entanglement is only logarithmic.
It is worth mentioning that there are also some inter-
esting results available to extend the Lieb and Robinson
3theory for quantum systems with power-law (∼ 1/rσ) de-
caying couplings with σ > d [47, 48]. Unlike the systems
with only short-range interactions, the locality picture
for quantum systems with long range couplings when
the interaction exhibits a power-law decay with an ex-
ponent σ < d, is no-longer true. There is no concrete
result for the special behavior of the growth and propa-
gation of entanglement entropy in quantum systems with
long-range couplings. Currently, the question of exten-
sion of Lieb-Robinson theorem to different quantum sys-
tems with long-range interactions is a subject of active
theoretical and numerical debate [49–52].
The purpose of this manuscript is to describe an ef-
ficient computational method to study the time evolu-
tion of the entanglement entropy for coupled long-range
harmonic oscillators in any dimension. The structure
of the rest of the paper is as follows. In section II we
will first introduce our system. In section III we intro-
duce a method to numerically evaluate the time evolu-
tion of von-Neumann and Re´nyi entropies in harmonic
oscillators and we outline the setup for the global quench
which is then applied to different situations in the fol-
lowing sections. In section IV we numerically study the
entanglement entropy dynamics for harmonic oscillators
with short-range couplings. In section V we evaluated the
same analysis when the harmonic system is long-range.
In section VI we analyzed the initial state effect on the
entanglement dynamics. In section VII, we studied dif-
ferent aspects of the mutual information propagation in
long-range harmonic oscillators after global quench. Fi-
nally, in section VIII we provide a conclusion. To be
self-explanatory, in the appendix we will give more de-
tails about our numerical methods.
II. BASIC DEFINITIONS
Consider a one-dimensional system of N bosonic oscil-
lators. They are coupled by a quadratic hamiltonian of
the form
H = 1
2
N∑
n=1
π2n +
1
2
N∑
n,n′=1
φnKnn′φn′ , (1)
where the kernel matrix K is real and positive semi-
definite due to the hermiticity and {φi} is a scalar field.
The normalized ground state wave function for such sys-
tem is given as gaussian state
Ψ0({φ}) ∝ (detΓ) 14 exp{−1
2
N∑
n,n′=1
φnΓnn′φn′}, (2)
where {φ} denotes the collection of all φ’s, one for each
oscillator and Γ = K1/2. Having the solution of the
ground state wave function one can calculate the reduced
density matrix of a block of l oscillators. Consider a
system which is divided into two subsystems A and B
with sizes l and N − l respectively. Suppose the whole
system is in a pure quantum state, with density matrix
ρ. One can obtain A’s reduced density matrix by tracing
out the remaining degrees of freedom ρA = trBρ.
There are several measures of entanglement between
parties of a closed system, examples being the von Neu-
mann and Re´nyi entropies. The entanglement entropy
associated to the local density matrix ρA is just the von
Neumann entropy
SA = −tr(ρA log(ρA)) . (3)
The von Neumann entropy is the most well-known mem-
ber of a more general family of entanglement entropies,
the so-called Ren´yi entropies, defined as
Sn(A) =
1
1− n log(trρ
n
A), n ≥ 0, n 6= 1 . (4)
The Re´nyi entropy reduces to the von Neumann entropy
when n→ 1 (SA = limn→1 Sn(A)).
In the next section we will present a detailed study of
the time evolution of von Neumann and Re´nyi entropies
that results after a quantum quench in a quantum sys-
tem.
III. QUANTUM QUENCH
The purpose of this section is to describe an efficient
method to study the time-dependent behavior of the en-
tanglement entropy after a global changing of a param-
eter in the system in any spatial dimension, also known
as quantum quench.
Here we consider first that the system is prepared in
the ground state of a given gapped hamiltonian H(m),
where m is tuneable parameter. At time t = 0 the pa-
rameter m0 is changed suddenly to a different value m.
For t > 0 the system is allowed to evolve with a differ-
ent hamiltonian H(m). In this study we will consider
m = 0. To study the entanglement dynamics for the sys-
tems with global quench the only thing that we need is
to start with an arbitrary gaussian state and then see its
evolution with respect to the new hamiltonian. Since the
hamiltonian of the system is quadratic, one can expect
that, the time-evolved state remains gaussian in the form
Ψ({φ}, t) ∝ (detA˜) 14 exp{−1
2
N∑
n,n′=1
φnAnn′(t)φn′}, (5)
where a tilde denotes the real part. It is easy to show
that A(t) obeys the Riccati equation
i
∂A
∂t
= A2 −K, A(0) = Γ. (6)
Its solution is given by
A(t) = K1/2
cos(tK1/2)Γ + iK1/2 sin(tK1/2)
cos(tK1/2)K1/2 + i sin(tK1/2)Γ
, (7)
4where K is the hamiltonian after quench and the matrix
Γ = K
1/2
0 is prepared at t = 0.
Having the above equations one can simply use the
following techniques to calculate the dynamics of entan-
glement entropy. Suppose we cut a harmonic chain at
the boundaries between two subsystems A and B. Now
consider
A−1(t) =
(
XA XAB
XTAB XB
)
, A(t) =
(
PA PAB
PTAB PB .
)
,(8)
where XA (PA) is l× l and XB (PB) is (N − l)× (N − l)
matrix. Then one can write the reduced density matrix
as [36]
ρB({φ1}B; {φ2}B) ∝ exp
{
− 12 ({φ1}B {φ2}B)×
( C 2D
2D∗ C∗
)( {φ1}B
{φ2}B
)}
, (9)
where we have
C = PB − P
T
AB(P˜A)
−1PAB
2
,
D = −P
T
AB(P˜A)
−1P ∗AB
4
, (10)
with M˜ = (M +M∗)/2.
We will now follow the method was first introduced in
[24] and then elaborated in [53], to get the von Neumann
and Re´nyi entropies. Using Eq. (9) and the method
followed in [53] we investigated the trace of n-th power
of the reduced density matrix as a functional integral:
trρnB =
∫ [∏
m∈(B) dφm
]
exp
{
−({φ1}B · · · {φn}B)×
Mn


{φ1}B
...
{φn}B


}
, (11)
where Mn is the matrix
Mn =


C˜ D 0 . . . 0 D∗
D∗ C˜ D . . . 0 0
0 D∗ C˜ . . . 0 0
...
...
...
...
...
0 0 0 . . . C˜ D
D 0 0 . . . D∗ C˜


. (12)
Two matrices C and D are defined in the Eq. (10). It is
worth mentioning that the Eq. (11) is a gaussian func-
tional integral, therefore it is possible to find the result
trρn = 1/
√
detMn but there is no straight-forward way
to compute this determinant as a function of n, however,
one can find the result by rescaling the density matrix.
Consider the new matrix
M′n =


2 −E 0 . . . 0 −E∗
−E∗ 2 −E . . . 0 0
0 −E∗ 2 . . . 0 0
...
...
...
...
...
0 0 0 . . . 2 −E
−E 0 0 . . . −E∗ 2


, (13)
where E = −2(C˜)−1D. By taking into account detM′n =
2ndetMn/(detC˜)n the trace of the power n of the reduced
density matrix is then
trρnB ∝
1√
detM′n
. (14)
Let us note that it is possible to consider the matrix E
as a parameter to explicitly diagonalize the matrix M′n
and give the result as
detM′n =
n∏
j=1
(
2− 2Eωj − 2E∗ωn−1j
)
, (15)
with ωj = e
2piij/n. One can also write the above equation
in the form
detM′n =
n∏
j=1
(
2− 2|E| cos(2πj
n
+ θ)
)
, (16)
where E = |E|eiθ. Define |E| = 2ξξ2+1 and use the equality
n−1∏
j=0
(
1 + ξ2 −2ξ cos(θ + 2pijn )
)
=
1− 2ξn cos(nθ) + ξ2n . (17)
As has been pointed out above, the operator E was con-
sidered as a number to explicitly diagonalize the matrix
M′n and calculate the Eq. (16). But E is actually an
operator, not a number, but we may diagonalize it and
apply the above argument for all the eigenvalues. Finally
we will have
detM′n = 2n
∏
Ej
1− 2ξn(Ej) cos(nθj) + ξ2n(Ej)
(1 + ξ2(Ej))n , (18)
with Ejeiθj as the eigenvalue of the matrix E . We can
now calculate the entanglement entropy by the following
formula
SA = (− d
dn
+ 1) log trρnA|n=1 . (19)
Using Eq. (16), one can write the entropy as a sum over
contributions from each eigenvalue of E
SA = −
l∑
j=1
[
ξj log ξj cos θj − ξjθj sin θj − ξ2j log ξj
1− 2ξj cos θj + ξ2j
+
1
2
log(1− 2ξj cos θj + ξ2j )
]
, (20)
5where l is the size of the subsystem A. We should note
that Eq. (20) at t = 0 follows
SA = −
l∑
j=1
[
ln(1− ξj) + ξj
1− ξj ln ξj
]
, (21)
in agreement with Ref. [53].
It is also straightforward to write the Re´nyi entropy
Sn in terms of ξj and θj as:
Sn =
1
2(n−1)
∑l
j=1
(
log(1− 2ξ2j cos(nθj) + ξ2nj )
−n log(1− 2ξj cos θj + ξ2j )
)
. (22)
Note that, the findings presented in Eqs. (20) and (22)
are our main result of this section. In the next sections
we will numerically evaluate the time evolution of von
Neumann and Re´nyi entropies using Eqs. (20) and (22)
and compare the numerical results with the analytical
predictions.
IV. HARMONIC SYSTEMS WITH LOCAL
COUPLINGS
In this section we discuss numerical evaluation of
the dynamics of entanglement entropy SA(t) and the
Re´nyi entropy Sn(t) for one dimensional harmonic oscil-
lators with short-range couplings. This kind of spring-
like coupling corresponds to the kernel matrix K =
tridiag{−1, 2+m2,−1} in Eq. (1), where it has nonzero
elements only in the main diagonal and the first diago-
nals below and above the main one. The parameter m
plays the role of the mass of the field theory. This kind of
spring-like coupling can be considered as the discretiza-
tion of a massive bosonic continuum theory given by the
Klein-Gordon hamiltonian. In the continuum limit the
Eq. (1) for the short-range harmonic oscillators has the
following form:
H = 1
2
∫
dx
[
(∂tφ)
2 + (∇φ)2 +m2φ2] . (23)
To determine the time evolution of the the von Neumann
entropy SA(t) and the Re´nyi entropy Sn(t) for the short
range harmonic oscillators we used Eqs. (20) and (22).
In this respect, we follow the method explained in the
last section. Let us first discuss different configurations
for the system and also subsystem that we have used in
our study. We consider two different configurations of
the system depicted in Fig. (1) among which we will
calculate the entanglement:
g1: System is very large and A is a small sub-system
with length l.
g2: System is a semi-infinite line, [0,∞), and the sub-
system A is the finite interval [0, l).
FIG. 1: (Color online) Different configurations of systems and
subsystems for entanglement dynamics with global quenches.
Let us now focus on the case where the subsystem is
very small with length l and the system size N is very
large (g1). For this case we have used periodic boundary
conditions so that K(r) = K(r +N).
We are going to study the entanglement evolution after
quantum quench. These are situations in which the sys-
tem is initially prepared in the ground state of a hamil-
tonian of a gapped field theory (m0 6= 0 in Eq. 23).
At t = 0, the hamiltonian suddenly becomes massless,
and the system is then allowed to evolve undisturbed for
t > 0. After the quench there is an energy excess in com-
parison with the ground state of the final hamiltonian
H , which appear as quasiparticles and propagate to the
entire system in time [6]. One of the interesting feature
of the entanglement dynamics is the behavior for very
short time. In this limit, the evolution of entanglement
entropy is quadratic growth in time [31, 36] and follows
SA(t≪ t∗) ≡ κ2t2 , (24)
where κ2 is a function of the mass parameter m0.
After that, conformal field theory predicts the follow-
ing formula for the dynamics of entanglement entropy
[6]:
SA(t) = − c
3
logm0 +
{ pim0c
6 t t < t
∗
pim0c
12 l t > t
∗
, (25)
where m0 is the mass gap in the initial state and t
∗ = l/2
is the saturation time. This behavior has a simple ex-
planation in terms of quasiparticles excitations [6]. The
initially excited state acts as a source for quasiparticle
excitations. Highly entangled quasiparticle pairs created
at a given point in space, travel with their maximum ex-
pected velocity v. A quasiparticle of velocity v produced
at x is therefore at x+ vt at time t. Now consider a pair
of quasiparticles emitted at t = 0 from the midpoint of
the subsystem A (A is an interval of length l) and travel
with v = 1. They arrive simultaneously at a point x′ ∈ A
and x′′ ∈ B at the same time t = l/2 [6]. So the entan-
glement entropy between x and x′, saturates if t > l/2.
It is worth mentioning that quasiparticles emitted from
far separated points (with the distance much larger than
the correlation length ξ = m−10 ) are incoherent.
The dynamics of Re´nyi entropies is given by the fol-
lowing formula:
Sn(t) = −cn
3
logm0 +
{ pim0cn
6 t t < t
∗
pim0c
′
n
12 l t > t
∗
, (26)
60 2 4 6 8 10 12
0.5
1
1.5
2
t
S
A
(t
) 0.1 0.15 0.2 0.25 0.30
0.01
0.02
0.03
m0
κ
2
SA(t) ≡ κ2t
2
κ2 = 0.36m
2
0 m0 = 0.3
m0 = 0.2
m0 = 0.1
FIG. 2: (Color online) Quadratic growth in time for SA(t)
in the region t ≪ t∗ for the short-range harmonic oscillators
with the configuration g1. The total size of the system is
N = 500, and the subsystem size l = 60. The solid red line
corresponds to the SA(t) ≡ κ2t
2. Inset: The value of the
scaling parameter κ2 as a function of mass parameter m0.
where cn = c
′
n =
c
2 (1 + 1/n) and c = 1.
Now we numerically evaluate the dynamics of von Neu-
mann and Re´nyi entropies for the case g1, where the sys-
tem is a chain of N coupled harmonic oscillators, and the
subsystem is a very small region with length l≪ N (see
Fig. (1)). Here we consider a one-dimensional system of
N bosonic oscillators and we will measure the eigenval-
ues of the matrix E numerically. In order to calculate ξ
and θ, we first need to construct the matrices Γ and K.
The matrix K is the hamiltonian matrix after quench
and the matrix Γ = K0
1
2 corresponds to the hamiltonian
matrix which is prepared at time t = 0. The matrix A(t)
can then easily be calculated from Eq. (7). Having the
matrices A(t) and A−1(t) we can now calculate the ma-
trix E = −2(C˜)−1D from C and D (see Eq. (10)). The
numerical results are summarized in the following.
Let us first address the behavior of the von Neumann
entropy at the very short time t≪ l/2. Our results show
that SA(t) quadratically depends on t. The von Neu-
mann entropy SA(t ≪ t∗) for different values of m0 is
plotted in Fig. (2). The same behavior already noticed
in Ref. [36]. In Fig. (2) we also present the result for
the coefficient κ2 as a function of mass parameter m0
that is quadratic in m0. Then until the saturation time
t∗ ∼ l/2, entanglement dynamics SA(t) grows linearly
with time (SA(t) ∼ κ1t) and finally it saturates to the
S∞ (see Fig. (3)-a). The coefficient κ1, is a linear func-
tion of mass parameterm0 (see Fig. (3)-b) with the same
slop as the predicted value π/6. We also obtained the
behavior of the saturation value S∞ with respect to the
mass term m0. In Fig. (3-c) we show numerical results
for the linear dependence between S∞ and m0 which the
slope matches perfectly with the theoretical value πl/12.
One can do the same calculation for different values of
l which the result will be the same. In Fig. (3-d) we
also sketched SA(t) versus t for the fix value of m0 = 0.4
and different values of l. The entanglement entropy for
such a system gets saturated in which S∞ increases lin-
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FIG. 3: (Color online) Top: (a) Entanglement entropy dy-
namics SA(t) for short-range harmonic oscillator with the con-
figuration g1 and different mass parameter m0. The total size
of the system is N = 400, and the subsystem size l = 50. The
dashed line corresponds to the saturation time t∗ = l/2. (b)
The von Neumann entropy SA(t) in the t < l/2, limit obeys
the SA(t) ∼ κ1t, where κ1 is a linear function of mass m0.
(c) In the t > l/2 limit SA(t) saturates to the S∞. The value
of S∞ for the fixed value of l = 30 is linear function of m0.
Bottom: (d)The von Neumann entropy SA(t) for short range
harmonic oscillators with the configuration g1 and fixed value
of the mass parameter m0 = 0.4. The total size of the system
is N = 400, and the subsystem size l ∈ {20, 30, 40, 50}. (e) In
the t > l/2 limit, S(t) saturates to the S∞. The value of S∞
is a linear function of l.
early with l (see Fig. (3)-e). A good agreement has been
found between our numerical results and the theoretical
prediction πm0/12.
Using Eq. (22), we can also evaluate the time evolution
of Re´nyi entropy Sn(t). In Fig. (4) we have plotted
the numerical estimates of the scaling factors cn and c
′
n.
The agreement between the numerical results and the
theoretical prediction Eq. (26) is fairly good.
The next step is to analyze the dynamics of von Neu-
mann and Re´nyi entropies for the case g2, where the sys-
tem is semi-infinite line, and the subsystem is finite inter-
val [0, l) (see Fig. 1). It is clear that to understand the
qualitative behavior of entanglement dynamics, a very
similar explanation that is based on quasi-particle pic-
ture, should apply also for this special case of system
and subsystem configuration. The only difference here is
that the quasiparticles emitted from x = 0 in the region
A need more time to be observed by the first point x = l
in the region B. Therefore one can expect the saturation
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FIG. 4: (Color online) Prefactors cn and c
′
n for dynamics of
Re´nyi entropy for the short range harmonic oscillator system
with configuration g1 and the system size N = 500. The solid
red line represents 1
2
(1 + 1/n) (see Eq. (27)).
time is t∗ = l. In this case we have the following formula
Sn(t) = −cn
6
logm0 +
{ pim0cn
12 t t < t
∗
pim0c
′
n
12 l t > t
∗
, (27)
where cn = c
′
n =
1
2 (1 + 1/n).
To determine the time evolution of the von Neumann
entropy for short-range harmonic oscillator with configu-
ration g2, we computed the eigenvalues of the matrix E to
evaluate SA and Sn by Eqs. (20) and (22). In Fig. (5) we
show SA(t) for different values of m0 and l respectively.
Our numerical results show that SA(t) in very short time
is quadratic in time. Then the evolution of SA(t) has
been studied for intermediate times that is SA(t) = κ1t.
The prefactor κ1 as a linear function of m0 is depicted
in Fig. (5-b). We also calculated the prefactor of the κ1
with respect to m0. There is a very good agreement with
the predicted value π/12.
Next we examine the scaling properties of the entan-
glement entropy S∞ in saturation regime. Figures (5-c)
and (5-e) show a linear plot of S∞ versus of m0 and
l. The straight lines, with slopes πl/12 and πm0/12, re-
spectively, are drown to demonstrate the good agreement
with the prediction Eq. (27). Finally we characterized
the time evolution of the Re´nyi entropy and our numer-
ical observation was in perfect agreement with the Eq.
(27).
In the next section, our main results on the time evolu-
tion of the entanglement entropy for long-range harmonic
oscillator are presented. To avoid any finite size effect we
will concentrate on the case where the system is very
large and the subsystem has small size l (case g1 in Fig.
1).
V. HARMONIC SYSTEMS WITH
LONG-RANGE COUPLINGS
In this section, we study the time evolution of the en-
tanglement after global quench for the system of har-
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FIG. 5: (Color online) Top: (a) Entanglement entropy dy-
namics SA(t) for short-range harmonic oscillator with the con-
figuration g2 and different mass parameter m0. The total size
of the system is N = 500, and the subsystem size l = 50.
The dashed line corresponds to the saturation time t∗ = l.
(b) SA(t) in the t < l, limit obeys the S(t) = κ1t, where κ1
is a linear function of mass m0. (c) SA(t) in the t > l limit
saturates to the S∞. The value of S∞ is linear function of m0.
Bottom: (d) Entanglement entropy dynamics SA(t) for short
range harmonic oscillators with the configuration g2 and fixed
value of the mass parameter m0 = 0.05. The total size of the
system is N = 500, and the subsystem size l ∈ {35, 45, 55, 65}.
(e)The value of SA(t) in the t > l limit saturates to the S∞
which is a linear function of l.
monic oscillators with long-range couplings. Following
Eq. (1), let us introduce the K matrix for coupled har-
monic oscillators with long-range couplings. There are
many ways to write a long range K matrix for non-
local scalar field theories i. e. see Ref. [26], however,
we are interested in those that are defined by the frac-
tional laplacian operator. In the continuum limit the
fractional laplacian has simple Fourier transform |q|α or
(q2)
α
2 which q2 is just the Fourier transform of a sim-
ple laplacian. Since the discrete laplacian in the fourier
representation is 2− 2 cos q, so that one may use the ap-
propriate power of this to define the discrete fractional
laplacian. Then the elements of the interaction kernel K,
representing the discretized fractional laplacian are then
given by
Ki,j = −
∫ 2pi
0
dq
2pi e
iq(i−j){[2(1− cos(q))]α2 +mα} (28)
=
Γ(−α2 +i−j)Γ(α+1)
piΓ(1+α2 +i−j) sin(
α
2 π) +m
αδi,j .
8The above equation for large distances behaves like
Ki,j ∼ 1/|i−j|1+α. This power-law interaction for α ≥ 2
is effectively local. In the continuum limit the Eq. (28)
can be written as
1
2
N∑
i,j=1
φiKijφj →
∫
[−1
2
φ(x)(−▽)α/2φ(x) + 1
2
mαφ2]dx.
(29)
In the above formula (−▽)α/2 corresponds to the frac-
tional laplacian operator.
The most important characteristics of the oscillator
system is the spatial correlation 〈φlφm〉, where for the
system with periodic boundary condition, one can find
the spatial correlation length ξs as:
ξ−1s ≡ − limr→∞ 1r log |〈φlφl+r〉| (30)
= − limr→∞ 1r log |K−1/2(r)| .
The elements of K−1/2 for a sufficiently large one-
dimensional system can be expressed as a Fourier series
K−1/2(r,m) =
−
∫ 2pi
0
dq
2π
eiqr {[2(1− cos(q))]α2 +mα}−1/2 . (31)
In the scaling limit Eq. (31) behaves like K−1/2 =
− ∫ dqeiqr{|q|α +mα}−1/2 and one can evaluate this in-
tegral for m = 0 which is given by:
K−1/2(r, 0) ∼ 1/r1−α/2 . (32)
We now want to evaluate the integral Eq. (31) for the
massive case m 6= 0 and large values of the distanse r.
The integral can not be done explicitly in the most gen-
eral case, therefore we studied this case just numerically
(see Appendix. A). We find that the best fit to our nu-
merical data is:
K−1/2(r,m) ∝ 1/r1+α . (33)
One can observe that the above result leads to ξ−1s = 0
for all values of the mass parameter m. Note that for
the special case α = 2, correlation function decays ex-
ponentially and the correlation length is proportional to
ξs ∼ 1/m. It is useful to note that α > 2 corresponds to a
a system of harmonic oscillators with long-range (α < 2)
plus shot-range (α = 2) interactions where we have α = 2
and α < 2 both laplacians in the hamiltonian. Therefore,
all the massive correlations are exponential because ev-
erything is dominated with α = 2.
A. Weakly coupled long-range harmonic oscillators
1 < α < 2
To understand the entanglement entropy growth be-
havior for harmonic oscillators with weak couplings we
consider the system with very large size and a subsystem
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FIG. 6: (Color online) Entanglement entropy dynamics SA(t)
in the long-range harmonic oscillators with the configuration
g1 for different values of α. The curves correspond to the
linear change of the SA(t) with time t before the saturation
time t∗ for the 1 < α ≤ 2. The total size of the system is
N = 400, the mass parameter m0 = 0.1 and the subsystem
size l = 50.
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FIG. 7: (Color online) Quadratic growth in time for SA(t)
where t ≪ t∗. The harmonic system is long-range (α = 1.5)
with the configuration g1. The total size of the system is
N = 500, and the subsystem size l = 60. The solid red line
corresponds to the SA(t) ≡ κ2t
2. Inset: The value of the
scaling parameter κ2 as a function of mass parameter m0.
with length l (configuration g1 in the Fig. (1)). First
one should construct the interaction kernel K from Eq.
(28). The next step is to analyze the eigenvalues of the
matrix E and measure the entanglement entropy SA(t)
using Eq. (20). We display the resulting quantity for
different values of α, in Fig. (6).
An interesting behavior is the quadratic entropy
growth at the very short-time t ≪ t∗. In Fig. (7) we
plot the entanglement entropy dynamics SA(t) shortly
after the quench. This is the same qualitative quadratic
behavior SA ≡ κ2t2 as seen in the short range case that
we mentioned in the Eq. (24). Our results indicate that
the prefactor κ2 obeys the power law formula κ2 ∼ mα0 .
As we remarked before, if we consider the configura-
tion g1 for harmonic oscillators with α = 2, according to
Eq. (27) we expect a linear growth of the entropy as a
function of time. Notice that this linear growth is only
true before saturation time t∗ and after that the SA(t)
will become time independent. Figure (6) clearly shows
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FIG. 8: (Color online) Top: (a) Entanglement entropy dy-
namics SA(t) for long-range harmonic oscillators (α = 1.6)
with the configuration g1 and different mass parameter m0.
The total size of the system is N = 500, and the subsystem
size l = 50. (b) Before the saturation time t < t∗, entan-
glement entropy dynamics obeys the S(t) ∼ κ1t, where κ1 is
a linear function of mα/2. Bottom: (c) The entanglement
entropy dynamics SA(t) for long-range harmonic oscillator
with the configuration g1 and fixed value of mass parame-
ter m0 = 0.3. The total size of the system is N = 300, and
the subsystem size l ∈ {30, 35, 40, 45, 50}. (d) SA(t) in t≫ t
∗,
saturates to the S∞ where it changes linearly with m0l.
that SA(t) grows as ∼ t before saturation begins. We
see that this linear form for the entanglement entropy is
hold in all cases with 1 < α ≤ 2. Figure (8) is the plot
of SA(t) for long-range harmonic oscillator with α = 1.6
and different values of the initial mass parameter m0.
Our numerical simulations show that the slope of linear
entanglement growth in time is κ1 = Amα/20 . In Fig. (8),
we plot a comparison of our estimate with the numerical
results. We also see that the prefactor A as we demon-
strated in Fig (9) is α-independent and it is equal to the
value π/6.
We will now ask how the entanglement dynamics SA(t)
for system with long-range couplings depends on the sub-
system size l. In Fig. (8) we show the numerical results
for the time evolution of the entanglement dynamics in
the long-range harmonic oscillators with α = 1.6 for dif-
ferent values of the subsystem size l. It is clear from Fig.
(8) that at long time SA(t) saturates to S∞. We find that
the saturation value, S∞, grows linearly as S∞ = Bm0l.
As shown in the Fig. (9), the prefactor B is surprisingly
α-independent and equal to the value π/12.
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FIG. 9: (Color online) Numerical results for the coefficients
A and B as a function of α (see Eq. (34)).
In summary, the time evolution of the entanglement
entropy for long-range harmonic oscillators follows
SA(t) = −c
g(α)
3
logm0 +


Amα/20 t t < t∗
Bm0l t≫ t∗
. (34)
where the prefactor cg(α) is introduced in Refs. [22, 23].
In all cases with 1 < α < 2, we find that the prefactors
A and B, as shown in Fig. (9), are independent of α.
It is instructive to compare the scaling parameters
κ2 ∼ mα0 and κ1 ∼ mα/20 the respective coefficient of
the quadratic and linear part of the SA(t). This gives
us an insight into the special behavior of the entangle-
ment dynamics of the harmonic systems with long-range
couplings. As we will soon see, this behavior is closely
related to the form of the hamiltonian Eq. (29).
Let us consider now the time evolution of the Re´nyi en-
tropy for the harmonic system with long-range couplings.
Figure (10) is devoted to these analysis. Interestingly, we
observe that
Sn(t) = −c
g
n(α)
3
logm0 +


Anmα/20 t t < t∗
Bnm0l t≫ t∗
, (35)
where the prefactor cgn(α) is introduced in Refs. [22,
23]. The scaling parameters An and Bn are depicted in
the Fig. (10) for different values of α. It is surprising
that 6An/π and 12Bn/π are α-independent and follow
the relation 12 (1 + 1/n). The specific reason for this α-
independent behavior remains an open problem.
Since we were able to calculate the entanglement en-
tropy dynamics SA(t), we can now numerically evaluate
another aspect to consider which is the saturation time
t∗. It is easy to see that (see Fig. (6)) the entanglement
entropy saturates at time t = t∗. We measured this value
from our numerical data. It is clear from Fig. (11) that
t∗ scales with the subsystem size as
t∗ = λ(l/2)α/2 . (36)
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FIG. 10: (Color online) Scaling prefactors An and Bn vs n
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FIG. 11: (Color online) (a) The saturation time t∗ versus
(l/2)α/2 for different values of α. (b) Scaling parameter λ
with respect to α.
The prefactor λ is α-dependent quantity where the best
fitting function to our numerical data is λ = 4/α2. It
is worth mentioning that this finding nicely matches the
special case t∗ = l/2 for those harmonic systems with
short range couplings.
Let us now discuss an important consequence regard-
ing the above results. The differences in the behavior of
the entanglement entropy dynamics for short and long-
range harmonic oscillators come from the difference be-
tween length and time scales. It is well known that in the
long-range systems the dynamical exponent is z = α/2.
The dynamical exponent controls the relative scaling of
time and space leading to the invariant form t/lz. There-
fore this argument hints that for the massive system there
are two correlation lengths ξt = 1/m
z and ξs = 1/m
where they will be equal for harmonic system with short-
range couplings (α = 2). Returning to our entanglement
dynamics problem, we can conclude that the saturation
time t∗ should scale as Eq. (36). In a similar way one
can guess the behavior in the Eq. (34).
B. Strongly coupled long-range harmonic
oscillators 0 < α < 1
So far, we have only considered long-range harmonic
chains with 1 < α ≤ 2. Here, we explore entanglement
dynamics after a quantum quench in long-range harmonic
oscillators with strong couplings (α < 1). We observe
that, SA(t) does not grow linearly and also it does not
saturate in the finite time interval that we considered. It
is interesting to note that the entanglement dynamics for
this case has the form,
SA(t) = −c
g(α)
3
logm0 +


κ2t
2 t≪ 1
P(m0, l, α) log t
Bm0l t≫ 1
,(37)
where cg(α) is introduced in Refs. [22, 23], and κ2 ∝ mα0 .
In our numerical analysis, we found that, B ∼ π/12 is
independent of α. In Fig. (12) we report the logarithmic
behavior of the entanglement entropy dynamics for the
strongly long range harmonic oscillator. As we show in
Fig. (12), P(m0, l, α) is a function of mass parameterm0
and size of the sub-system l, as
P(m0, l, α) =
[
V1(α)(m0l)α/2 + V2(α)
]
, (38)
where V1 and V2 as shown in the Fig. (12) are func-
tions of α. In Fig. (13) we depicted the entanglement
dynamics for strongly long-range harmonic oscillators in
the saturation regime. In this regime the entanglement
entropy for all values of α saturates to the S∞ ∝ m0l
(see Eq. (37)).
As pointed out above, in this study we considered a
system of long-range harmonic oscillators with the inter-
action kernel Eq. (28). To study the time evolution of
von Neumann and Re´nyi entropies after quantum quench
we assume that the mass parameter in the massive hamil-
tonian Eq. (28) is suddenly changes from m0 to a dif-
ferent value m ∼ 0. Hence after the quench there is
an energy excess which acts as a source of quasiparticles
moving with maximum group velocity. The maximum
group velocity for 1 < α < 2 generally depends on the
mass parameter m as
vmaxg ∝ mα/2−1 , (39)
which obviously diverges in the limit m → 0 (see Ap-
pendix. B). Therefore, for those long-range systems that
have been quenched to the critical point of the system
(m = 0), there is no maximum group velocity for quasi-
particles. As already reported in the previous sections, a
very small mass parameter (m ≪ m0) has been chosen
to avoid rapid oscillations of SA(t) in saturation regime.
It is worth mentioning that our results have not been af-
fected by non-zero parameterm until m≫ 1/N which N
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FIG. 12: (Color online) Top: Entanglement entropy dy-
namics SA(t) in long-range harmonic oscillators (α < 1)
with the configuration g1. The total size of the system is
N = 500, the mass parameter m0 = 0.1 and the subsystem
size l = 50. The red lines corresponds to logarithmic change
of SA(t) ∼ P(m0, l, α) log t where the coefficient P(m0, l, α) is
a function ofm0, l and α. Bottom: The coefficient P(m0, l, α)
for different values ofm0 and l is a linear function of (m0l)
α/2,
i.e. P(m0, l, α) = V1(α)(m0l)
α/2 + V1(α) where the coeffi-
cients V1 (V2) as shown in the inset, is an increasing (decreas-
ing) function of α.
is the size of the system. In the Appendix we explain all
of the above in details. This means that interestingly we
found the linear behavior for the time evolution of von
Neumann entropy SA(t) even for those systems with in-
finite maximum group velocity. To compare such result
with the theoretical predictions for free field theory, we
have taken into account that maximum group velocity
for short-range harmonic oscillator is finite.
Following Ref. [44] it has been shown that the time
evolution of the entanglement entropy in the transverse
field Ising model with long-range interactions (Ji,j ∝
|i − j|−σ) shows three different regimes as a function of
σ. For relatively short-range interactions σ ≥ 1 a linear
growth of the entanglement entropy as a function of time
has been found. For those long-range interactions with
σ ∈ (0.8, 1.0) a regime of logarithmic growth of entropy
has been proposed. Finally for strongly long-range inter-
actions with σ < 0.2 rapid oscillations of the entangle-
ment entropy around small values are found. In light of
our entanglement dynamics results in the harmonic oscil-
lators with long-range couplings, similar regimes possibly
with similar signatures, as in, Ref. [44] have been found.
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FIG. 13: (Color online) The role of finite size effects on the
entanglement entropy dynamics SA(t) in long-range harmonic
oscillators (α < 1) with the configuration g1. The total size of
the system is N = 500, the mass parameter m0 = 0.1. Top:
α = 0.4, Bottom: α = 0.6.
Note that in this study we have σ = 1 + α. Our find-
ings show that the linear growth of entanglement entropy
breaks down at α = 1 (σ = 2). The behavior of SA(t)
for α > 1 (σ > 2) is a linear function of time and on the
other hand it follows the logarithmic growth with time
for α < 1 (σ < 2). In principle following [51] one should
be able to find some useful linear bounds on the growth
of entanglement entropy for all the values of α. However,
it is not clear that why in our system for α > 1 the bound
is saturated and for α < 1 it is not.
VI. INITIAL STATE EFFECTS
In the previous sections, we studied the time evolu-
tion of the entanglement entropy after global quantum
quench. We have considered the harmonic oscillator sys-
tems with short and long-range couplings. The most cru-
cial point about the long-range hamiltonian Eq. (28) is
that the gapfull initial state has the power law correla-
tion function (see Eq. (33)). One of the fundamental
questions that has to be addressed is how the entangle-
ment dynamics is related to the initial state of the sys-
tem. Here, we would like to study the time evolution
of entanglement entropy for the long-range systems with
the gapless power-law, exponential decaying and unen-
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FIG. 14: (Color online) Top: The time evolution of the von
Neumann entropy SA(t) in the short-range harmonic oscil-
lators with the total size N = 400 when the initial state
is gapless power-law with long-range scaling exponent α0.
SA(t) starts from non-zero value and grows linearly with time
then saturates. Middle: The time evolution of the von Neu-
mann entropy SA(t) in the harmonic oscillators with weak
long-range coupling (α = 1.6). Bottom: The same result
for the harmonic oscillators with strong long-range couplings
(α = 0.6).
A. Gapless power-law initial state
To extend our analysis to gapless initial state with
power-law correlation function, we first need to modify
the previous definition of the global quench. As men-
tioned earlier, for the gapless (m = 0) long-range har-
monic oscillators given by Eq. (29), the correlation func-
tion is of the form K−1/2(r) ∝ 1/r1−α/2 (see Sec. (V)).
Let us now consider the quench between gapless power
law initial state with the scaling exponent α0 to another
gapless long-range hamiltonian with the scaling factor α.
We are mainly interested in the general time and subsys-
tem size dependence of the entanglement entropy in the
case α0 6= α. Here we assume that α0 < α. Shown in Fig.
(14) are plots of the time evolution of the von-Neumann
entanglement entropy for various values of α0 and α. We
observe that the von-Neumann and Re´nyi entropies for
the different values of the α0 and α grow linearly in time,
then saturate at long time. We see that the numerical
data are fit very well by the following formula for the
Re´nyi entropi follows
Sn(t) =
c˜n(α0)
3
log l +


Ln(α0, α)t t < t∗
Ln(α0, α)b(α) l t > t∗
,(40)
where l is the size of the subsystem and the prefactor
c˜n(α0) is introduced in Ref. [23] and t
∗ = b(α) l. Since
the coefficient Ln(α0, α) only depends on n and the initial
and final scaling parameters α0 and α, we obtain the
asymptotic relation
Ln(α0, α) = Jn ln(α/α0) , (41)
where our numerical results suggest that Jn = 16 (1+1/n).
In Fig. (15) the prefactor L(α0, α) (for n = 1) as a
function of α0 and α is reported. The numerical results
for the prefactor Jn is shown in the bottom panel of
Fig. (15), pointing at a good agreement between Jn =
1
6 (1 + 1/n) and our numerical results.
We should note that our numerical calculations show
that for the fixed values of the scaling parameters α0
and α, the saturation regime begins earlier for smaller
value of the subsystem size l. In Fig. (16) we show
numerical results for the saturation time t∗ as function
of the subsystem size l for different values of α (the results
are α0 independent). The figure shows that t
∗ is a linear
function of l as t∗ = b(α) l. As mentioned previously,
the saturation time for the gapfull power-law initial state
scales like Eq. (36). The specific reason for the linear
behavior in the case of gapless power-law initial state
remains unsolved. The parameter b(α) is shown in the
Fig. (16) and best fit to our numerical data was b(α) ≃
0.4α − 0.3. The value of b(α) is zero at α ∼ 0.75. It
is interesting to note that for those long-range harmonic
oscillators with strong long-range couplings (α < 1.0)
the typical behavior of the entanglement entropy changes
qualitatively (see Fig. (14)). In other words, there is no
linear behavior in the entanglement growth.
B. Exponential decaying initial state
In order to analyze the initial state effects, we de-
fine the hamiltonian of the long-range harmonic oscillator
with the following K matrix:
Ki,j =
∫ 2pi
0
dq
2pi e
iq(i−j) [(2− 2 cos(q)) +m2]α2 , (42)
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FIG. 15: (Color online) Top: The numerical estimates of the
prefactor L(α0, α) for different values α = 2.0, 1.6, 1.2 as a
function of α0. The solid red lines correspond to L(α0, α) =
1
3
ln(α/α0). Bottom: The prefactor Jn for the dynamics of
the Re´nyi entropy after quench from gapless power-law initial
state (see Eq. (40) and (41)). The solid red line corresponds
to 1
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FIG. 16: (Color online) The relation between the saturation
time t∗ and the subsystem size l for different values α. The
solid red line represents t∗ = b(α) l. Inset: The prefactor b(α)
as a function of α shows the linear behavior b(α) ≃ 0.4α−0.3.
where m is a positive real number. The interesting point
about Eq. (42) is that one can easily find the correlation
function 〈φlφl+n〉 ≡ K−1/2(n) explicitly and the result is
K−1/2(r) =
∫∞
−∞ e
iqr
(|q|2 +m2)−α/4 dq (43)
=
√
pi2(α−6)/4
Γ(α/4) (
r
m )
(α−2)/4K [(α− 2)/4,mr] ,
0 10 20 30 40 50 600
1
2
3
4
5
6
t
S
(t
)
 
 
$m0 = 0.1$
m0 = 0.15
m0 = 0.2
m0 = 0.1
0 0.15
0 0.2
0 2 4 6 8 100
1
2
3
4
5
n
A
n
FIG. 17: (Color online) Top: Entanglement entropy dynamics
SA(t) for long-range harmonic oscillator Eq. (42) with an
exponential decaying correlation function. The total size of
the system is N = 400, the subsystem size l = 50 and α =
1.5. Different lines corresponds to different values of the mass
parameter m0. Bottom: Prefactor An for dynamics of the
Re´nyi entropy for the long-range harmonic oscillator system
(α = 1.5). The solid red line represents 1
2
(1 + 1/n).
where K is the modified Bessel function. The large dis-
tance asymptotic behavior of the correlation function is
K−1/2(r) ∝ e−mr/r(α−4)/4 . (44)
Above result leads to a finite spatial correlation length
ξ−1s ∝ m.
Using the technique of the previous sections, we pro-
vided the numerical test for the entanglement evolution
SA(t) of the long-range harmonic oscillators (α 6= 2 in
Eq. (42)). In our study, initially (t = 0) the harmonic
chain is massive m0 > 0, and after the quench for t > 0
the hamiltonian (42) is critical with m = 0.
Our results for α > 1 clearly shows that the qualitative
and quantitative behavior of SA(t) for t < t
∗ are similar
to those long-range systems with power-law correlation
functions. For example we find numerically that the en-
tanglement dynamics SA(t≪ t∗) in very short time have
the same quadratic growth as the previous sections. A
more careful analysis also shows that the SA(t) grows lin-
early in time until the saturation time t∗. Our numerical
estimate of the linear coefficient A ∼ π/6 was in agree-
ment with the Eq. (34). In summary for the long-range
harmonic oscillators with α > 1 we get the following re-
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sults:
SA(t) ≡ −c
g(α)
3
logm0 +


κ2t
2 t≪ 1
Amα/20 t t < t∗
. (45)
In the above equation we checked that the prefactors
cg(α) and κ2 are same as that in Eq. (34).
Now we can ask, what is the time-dependent behavior
of Re´nyi entropy? We have seen that the results for t < t∗
is exactly the same as for the previous sections. As shown
in Fig. (17) the agreement between the previous results
given by Eq. (35) and Fig. (10) are fairly good.
Unfortunately, in the saturation regime it was difficult
to study the scaling behavior of the SA(t→∞) and Sn(t)
with the mass parameter m0 and the subsystem size l
because of the rapid oscillations in SA(t) and Sn(t).
It is also straightforward to change the initial state for
the harmonic system with strongly long-range couplings.
In Fig .(18), we plot the time evolution of the entan-
glement entropy for the harmonic oscillators with very
long-range interactions (α < 1). Here we only find rapid
oscillations around a constant value which depends to the
subsystem size l and mass parameter m0. For short time
as we expect, the SA(t) grows quadratically in time. The
key observation here is that the initial state of the sys-
tem completely changes the behavior of the entanglement
dynamics for strongly coupled harmonic oscillators.
Finally let us now consider the maximum group ve-
locity for the quasiparticles which produced after quan-
tum quench from exponential decaying initial state to
the critical point of the hamiltonian Eq. (42). When
the system size N is large enough, it is easy to verify
that Eq. (42) leads to vg(k) =
α
2 |k|
[|k|2 +m2]α/4−1 and
one can obtain an exact result for the maximum group
velocity vmaxg ∝ mα/2−1. When the system is quenched
to the critical point (m = 0), vmaxg diverges and there
is no maximum group velocity for the quasiparticles cre-
ated during the quench. We emphasize that in the case
where the long-range harmonic system is weakly coupled,
there is no maximum group velocity but the SA(t) grows
linearly with time. This means that in our long-range
system, there is no direct signature of energy quasiparti-
cles in the special behavior of the entanglement entropy
growth.
C. Unentangled initial state
In this subsection we analyzed the case in which the
harmonic oscillator system is initially (at t = 0) prepared
in a given unentangled state. Therefore, we begin with a
chain in the absence of any couplings between two differ-
ent sites of the chain and then quench the system to the
critical point of the hamiltonian Eq. (28). In this case
the initial entanglement entropy is zero (SA(t = 0) = 0).
We first consider the time evolution of the entangle-
ment entropy of short-range harmonic oscillators with
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FIG. 18: (Color online) Entanglement entropy dynamics
SA(t) for long-range harmonic oscillator Eq. (42) with strong
coupling (α < 1) which the initial state’s correlation function
decays exponentially. The total size of the system is N = 400,
the subsystem size l = 50 and α = 0.6. Different lines corre-
sponds to different values of the initial mass parameter m0.
configuration g1. We present results from numerical cal-
culations of the von Neumann and Re´nyi entropies ac-
cording to Eqs. (20) and (22), respectively. The evo-
lution of von Neumann entropy SA(t) is shown in Fig.
(19) which clearly showing that SA(t) exhibits linear be-
havior in time t until it saturates at t∗ = l/2. However,
some peaks appear in the linear regime for short periods
of time which we believe that the peaks will disappear in
N →∞ limit.
All the data of the time evolution of von Neumann and
Re´nyi entropies are well fitted by
Sn(t) =


picn
6 t t < l/2
pic′n
12 l t > l/2
, (46)
where in our numerical simulations, we found cn =
1
2 (1+
1/n) and c′n =
1
2 (1 + 1/n). In Fig. (19), we show our
numerical results for the prefactors cn and c
′
n.
We also studied time evolution of the Re´nyi entropy in
the long-range harmonic oscillators with unentangled ini-
tial state. The resulting values of entanglement dynam-
ics SA(t) for long-range harmonic chain with α = 1.5 is
shown in Fig. (20). For weakly coupled long-range har-
monic oscillators 1 < α < 2 we found that the best fit
for the data is
Sn(t) =


Ant t < t∗
Bnl t > t∗
. (47)
Interestingly, we find that the best fit to An and Bn is
6An
pi =
12Bn
pi =
1
2 (1 + 1/n). The coefficients An andBn as functions of n are represented in Fig. (20). We
then compute the saturation time t∗ which our numerical
results clearly show that t∗ = 4α2 (l/2)
α/2.
Finally, we should mention that the time evolution of
the von Neumann entropy which the initial state is un-
coupled and the final state is the critical state of the
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FIG. 19: (Color online) Top: The time evolution of the von
Neumann entropy SA(t) in the short-range harmonic oscil-
lators with the total size N = 500 when the initial state is
uncoupled. SA(t) starts from zero and grows linearly with
time then saturates to the value S∞ which is a linear func-
tion of subsystem size l (see inset). Bottom: The numerical
estimates of the prefactors cn and c
′
n. The solid red line cor-
responds to 1
2
(1 + 1/n).
strongly long-range harmonic oscillator, follows a simple
formula
SA(t) = P(l, α) log t , (48)
where P(l, α) = V1(α)(l)α/2 + V1(α) and the prefactors
V1 and V2 are the same as those introduced in Sec. (V).
At this stage we should mention that our calculations
show a universal behavior in the time evolution of the von
Neumann and Re´nyi entropies for weakly coupled long-
range harmonic oscillators (1 < α < 2). In other words
initial state of the system does not change the behavior
of the entanglement dynamics. It is worth mentioning
that the prefactors of the linear parts of SA(t) and Sn(t)
in weak couplings regime (1 < α < 2) are not affected
by the initial states of the system. Another interesting
aspect to consider is that the entanglement dynamics for
strongly coupled harmonic oscillators, identifying quali-
tatively different behavior as the initial state of the sys-
tem varied.
VII. MUTUAL INFORMATION DYNAMICS
In this section, we study the time evolution of the mu-
tual information between two distant point i and j of the
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FIG. 20: (Color online) Top: The time evolution of the von
Neumann entropy SA(t) in the long-range harmonic oscilla-
tors (α = 1.5) with the total size N = 500 when the initial
state is uncoupled. SA(t) starts from zero and grows linearly
with time then saturates to the values S∞ which is a linear
function of subsystem size l (see inset). Bottom: The numer-
ical estimates of the prefactors An and Bn for different value
α = 1.6, 1.8. The solid red lines correspond to 1
2
(1 + 1/n).
harmonic chain with long-range couplings. The quantum
mutual information is defined as follows
IA1,A2(t) = SA1(t) + SA2(t)− SA1∪A2(t) , (49)
where A1 and A2 are the i-th and j-th points of the
harmonic chain respectively. First, we consider the time
evolution of the mutual information Ii,j between two sites
i and j of the chain of harmonic oscillators with short
range interaction. In the Fig. (21) one can find the
mutual information between two points of the chain while
increasing the distance. Obviously one can find that the
mutual information of two particular points with distance
|i − j|, remains nearly zero for a period of time, until it
suddenly changes to the non-zero value.
In the Fig. (21), we plot the time evolution of the
mutual information between two points of the long-range
harmonic oscillator with the separation distance |i− j| ∈
[10, 60]. It is interesting to note that the time evolution
of the mutual information for this case is the same as
the harmonic chain with short range interaction. This
behavior is the key point to understand the linear growth
of the entanglement entropy for the long-range harmonic
systems with 1 < α ≤ 2.
In contrast with the previous cases, we observe that
for α < 1 the qualitative behavior of the time evolution
16
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FIG. 21: (Color online) The density plot of mutual information Ii,j between two sites with the separation distance r = |i− j|/2
in short and long-range harmonic oscillators. The total size and initial mass parameter are equal to N = 200 and m0 = 0.3,
respectively. Top left (α = 0.4), right (α = 1.0), and bottom left (α = 1.4), right (α = 2.0). Yellow (light Gray) regions
correspond to larger value of Ii,j and black regions correspond to smaller value of Ii,j . Dashed lines correspond to the t
∗
I = r
α/2.
At time t∗I , the mutual information Ii,j suddenly changes from zero to nonzero value. For t < t
∗
I the mutual information Ii,j is
zero and for t > t∗I it remains nonzero and oscillates due to finite-size effects.
of the mutual information between two distant points
of the harmonic chain is completely different from the
reported one for α > 1. The Fig. (21) shows a plot
of the mutual information dynamics in harmonic chain
with strong long-range couplings. It is clear that the
mutual information grows rapidly from zero value at the
beginning in which the behavior is independent of the
distance separation of the two points.
In order to clarify the role of long-range couplings in
the mutual information dynamics, we measure the time
t∗I which before that time there is no mutual interaction
between two points i and j of the harmonic chain. For
later time t > t∗I the mutual information Ii,j(t) changes
to the non-zero value. In our simulation, as shown in Fig.
(22) we observe
t∗I = r
α/2 , (50)
where r = |i− j|/2 is the separation distance. It is worth
mentioning that in Eq. (50) we find the same scaling
behavior as Eq. (36).
It is worth mentioning that the similar regimes are re-
ported in Ref. [44] for spin chains with variable range
interaction. As it was previously mentioned, in Ref. [44]
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FIG. 22: (Color online) The numerical estimation for t∗I as a
function of distance r. At time t∗I , the mutual information Ii,j
of two particular points with distance r = |i− j|/2 suddenly
changes from zero to nonzero value.
they studied the time evolution of the mutual informa-
tion between spins in the transverse field Ising model with
long-range interactions (Ji,j ∝ |i−j|−σ) which shows dif-
ferent regimes as a function of σ. It is interesting to note
that they found that distant spins become entangled in-
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stantaneously for spin chains with strong couplings for
σ < 1. In contrast, we found that in our long-range har-
monic chains, two different sites become entangled in-
stantaneously when α < 1 (σ < 2).
VIII. CONCLUSION AND REMARKS
We have investigated a detailed study of the time evo-
lution of entanglement entropy and mutual information
that results after a global quench in a chain of harmonic
oscillators with short and long-range couplings. To do
so first we have proposed an efficient method to numer-
ically compute the time evolution of the von Neumann
and Re´nyi entropies after a global quench in a general d-
dimensional hamiltonian. For example we presented a de-
tailed numerical evaluation for the entanglement dynam-
ics in short-range harmonic oscillators. All our results are
in good agreement with the theoretical predictions. An-
other interesting question to study is the time evolution
of entanglement entropy in the harmonic chain with long-
range couplings. We found that a regime of quadratic
and linear entanglement entropy growth is present even
for long-range coupled harmonic oscillators with α > 1.
For the strongly coupled long-range systems with α < 1
we found a regime of logarithmic entanglement entropy
growth. However, it is important to mention that it does
not look like possible to explain this behavior with the en-
ergy quasiparticle picture of a global quench. Note that
there is no maximum group velocity for those long-range
systems that have been quenched to critical point of the
system. We have also determined the time evolution of
the entanglement entropy for different initial states. It is
remarkable that the logarithmic growth of entanglement
for strongly long-range coupled harmonic oscillators af-
fected by the initial state. Focusing on the long-range
harmonic oscillators we observed that the mutual infor-
mation dynamics after the global quench exhibits numer-
ous interesting dynamical behaviors. In contrast to the
weakly coupled long-range harmonic oscillators, different
sites become entangled instantaneously when the system
is strongly coupled with α < 1.
For future studies, it could be of interest to study the
time evolution of entanglement entropy and mutual infor-
mation in harmonic oscillators with short and long-range
couplings on higher dimensional lattices.
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Appendix A: Gapfull power-law initial state
In this Appendix we discuss the numerical evaluation
of the correlation length for the hamiltonian (28). We
performed numerical integration Eq. (31) to find the cor-
relation length. In the Fig. (23), K−1/2(r) is plotted vs r
using logarithmic scales. The figure shows that K−1/2(r)
scales as 1/rβ. In the inset of Fig. (23) we depict the
scaling parameter β as a function of α, which indicates
β = 1 + α. This power-law behavior specifies that the
correlation length ξs ≡
[
limr→∞
log(r)
r
]−1
remains infi-
nite even at m 6= 0.
Appendix B: Details on numerical calculations
The entanglement dynamics for coupled harmonic os-
cillators can be efficiently studied by the algorithm pro-
posed in section III. In this study a discrete scheme has
been developed to simulate the entanglement dynamics of
the short and long-range harmonic oscillator. We hereby,
require a chain ofN harmonic oscillators described by Eq.
(28). It was pointed out in the previous sections that to
study the time evolution of the von Neumann and Re´nyi
entropies, the system is prepared in the ground state of a
massive hamiltonianH(m0) and at time t = 0 the param-
eter m0 is changed suddenly to a different value m. It is
important to note that the Eqs. (25) and (26) have been
proved for the system with size N →∞ andm = 0. Here
we will discuss the dependence of our results on finite N
and m 6= 0. In other words, it will be interesting to check
whether and how the numerical results will be affected
by the changes in chain size N and mass parameter m.
Let us first consider the dispersion relation of the
hamiltonian Eq. (28) as:
ǫk =
√
[2− 2 cos(ka)]α/2 +mα , (B1)
where a is the lattice constant and m is the mass param-
eter. In the previous sections the lattice constant had
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FIG. 24: (Color online) Top: Entanglement entropy dynamics
SA(t) in short range harmonic oscillator with the configura-
tion g2 and different system size N (l = 30 and m0 = 0.05).
The same results for the configuration g1 (l = 30, m0 = 0.12)
shown in the inset. Bottom: SA(t) for long-range harmonic
oscillator (α = 1.5) with different system size N . Notice that
the results do not depend on N .
been set equal to one.
Note that, because of the finiteness of the number of
oscillators N , the energy spectrum is quantised, which
the resulting quantization is k = kn = 2nπ/Na and n ∈
[0, N − 1].
It would also be instructive to extract the group veloc-
ity of the quasiparticle excitations which is defined as
vg(kn) = dǫkn/dkn =
α| sin(kn)|α−1
2
√
| sin(kn)|α +mα
cos(kn) .(B2)
For the massless case (m = 0) the maximum group
velocity can be found for k ∼ 0. It is straightforward to
calculate that limkn→0 vg(kn) ≈ α2 |kn|α/2−1 which means
that there is no maximum allowed velocity of the quasi-
particles for 0 < α < 2. It is clear that for the short-range
harmonic oscillators even for the system with finite size,
the maximum group velocity of excitations is equal to
unity (max [vg(k)] = 1).
If the system is gapped, based on the Eq. (B2) there is
no maximum group velocity also for the harmonic chain
with strong long-range couplings (α < 1). We are mainly
interested in the specific dependence of the maximum
group velocity of excitations for those harmonic oscilla-
tors with 1 ≤ α ≤ 2, on the mass parameterm and lattice
constant a. The numerical results show that the maxi-
mum group velocity does not change with N for large
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FIG. 25: (Color online) Top: Entanglement entropy dynamics
SA(t) in short-range harmonic oscillator with the configura-
tion g1. The total size of the system is N = 500, the mass
parameter m0 = 0.12 and the subsystem size l = 50. Dif-
ferent lines corresponds to different values of the small mass
parameter m. Middle: The same results for long-range har-
monic oscillator with α = 1.5 with the configuration g1, the
system is N = 500, the mass parameter m0 = 0.12 and the
subsystem size l = 50. Bottom: Entanglement entropy dy-
namics SA(t) for long-range harmonic oscillators with strong
coupling α = 0.4 and α = 0.2.
chain sizes. We checked numerically N > 500 is large
enough to find the N -independent value for the maxi-
mum group velocity. Then without changing the results
one can safely analyses the maximum value of the Eq.
(B2) in the limit N → ∞. The Eq. (B2) becomes espe-
cially simple in the scaling limit:
vg =
α|k|α−1
2
√
|k|α +mα . (B3)
Then by simple algebra one can show that the maximum
group velocity for the dispersion relation Eq. (B1) has
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FIG. 26: (Color online) Top: The scaling prefactor cn for
the entanglement dynamics in short-range harmonic oscilla-
tor before saturation regime (see Eq. (26)). Different symbols
correspond to different values of the small mass parameter m.
Bottom: The scaling prefactor An for the entanglement dy-
namics in long-range harmonic oscillator (α = 1.5) before sat-
uration regime (see Eq. (35)). Different symbols correspond
to different values of the small mass parameter m.
the following form:
vmaxg =
α
2
(2/α− 1)1/2
(
α− 1
1− α/2
)α−1
α
mα/2−1 . (B4)
Let us now consider the m and N dependence in time
evolution of the entanglement entropy. In Fig. (24) we
provide an examples of typical behavior of entanglement
dynamics SA(t) for short range harmonic oscillator with
configurations g1 and g2 and different values of the sys-
tem size N . It is not surprising that our results are inde-
pendent of N . As shown in the same figure the entangle-
ment dynamic for harmonic oscillators with long-range
couplings is N independent.
It is important to note that when the the system is very
large and the sub system is a small portion with length
l (g1) our numerical results for m = 0 show many oscil-
lations in the saturation regime (see Fig. (25)). There-
fore it is very hard to analysis the entanglement dynam-
ics after saturation regime. The parameter m ≪ m0
has been chosen to decrease these oscillations. Figure
(25) shows the entanglement dynamics SA(t) in the case
which m0 = 0.12 and m 6= 0. Let us now discuss the
role of non-zero m on the final results. It is important
to note that we are not allowed to choose arbitrary value
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FIG. 27: (Color online) Top: The time evolution of the mu-
tual information Ii,j between two sites i and j in short range
harmonic oscillators with the total size N = 200, mass param-
eter m0 = 0.3 and different values of the small parameter m
and distance | i−j |. Bottom: The same results for long-range
harmonic oscillator (α = 1.5).
for m. First, it should be smaller than the initial mass
parameter m0. Secondly one can choose m ∼ O(1/N)
which N is the system size. It is because of the finite-
size effect in the the correlation length ξ. However, the
correlation length is expected to diverge at critical point
(m = 0), for a finite system it is comparable to the sys-
tem size ξ ∝ m−1 ∼ O(N). We would also like to point
out that all our results are consistent with this picture
as long as m ≪ m0 and m ∼ 1/N . It is worth mention-
ing that the results were affected significantly by enough
amount of mass term (m ≫ 1/N). This means that the
entanglement dynamics is independent of the maximum
group velocity Eq. (B4) for m ≫ 1/N . It is worth men-
tioning that the same results observed for the harmonic
chain with long-range couplings as well as short-range
harmonic oscillators. In Fig. (26) we compare the nu-
merical results of the prefactors cn and An (see Eq. (26)
and (35) respectively) for different values of small mass
parameter m after quench. It is clear that the numerical
results are m-independent.
Finally we would like to note that we did the same
calculations for the mutual information dynamics Ii,j(t)
between two point i and j of the lattice sites. Note that
for different values of the chain lengthN we got the previ-
ous results, as it should and the results were independent
from the system size N . In order to show the validity
and reliability of our results, in Fig. (27) we report the
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time dependent mutual information results for the short
and long-range harmonic oscillator with fixed values of
m0 = 0.3 and different values of the the parameter m.
It is evident that the starting point which the mutual
information changes from zero to non-zero value, is in-
dependent from m. We again found the same result t∗I
for the different values of the small parameterm which is
clearly obeys the prediction t∗I = r
α/2 where r = |i−j|/2.
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